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Abstract. We study curvature pinching estimates of Ricci flow on complete 3- 
dimensional manifolds without bounded curvature assumption. We will derive 
some general curvature conditions which are preserved on any complete solution 
of 3-dim Ricci flow, these conditions include nonnegative Ricci curvature and 
sectional curvature as special cases. A local version of Hamilton-Ivey estimates 
is also obtained. 
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1. Introduction 

Ricci flow on noncompact complete manifolds has received much attention since 
W.X.Shi's fundamental work in 1990's (see Q, [7]). Many progress in the field are 
achieved under bounded curvature assumption, which essentially support the use 
of maximum principle globally on the whole manifold. Without (local) bounded 
curvature assumption for the solution of the Ricci flow, very few (localized) esti- 
mates have been obtained. Note that Shi's local gradient estimates depends on the 
local curvature bound of the solution. 

In 12, the first author obtained some local estimates on lower bounds of curva- 
ture operators in 3-dim Ricci flow only assuming the completeness of the solution. 
As a corollary, it was shown that nonnegative sectional curvature is preserved under 
3 dimensional complete smooth solution to the Ricci flow. For three-manifolds, the 
nonnegative curvature operator is equivalent to the nonnegative sectional curvature. 

In dimension 3, Ricci curvature also determines the whole curvature operator. 
One purpose of this note is to generalize the result in [1] to the Ricci curvature 
case. We will show (see Theorem II .2b that for any fixed nonnegative constants a, 
b,c > 0, aR + b ■ min Rc + c ■ min ^# > is preserved on any 3-dim complete 
solution to the Ricci flow without bounded curvature assumption on the solution, 
where = Rgjj - 2/?,y is the curvature tensor of M 3 . More precisely, 

Theorem 1.1. Given a smooth complete solution of Ricci flow (M 3 ,g(t)) on [0, T], 
let A > p > v are eigenvalues of curvature operator matrix ^ij. Suppose for some 
nonnegative constants a,b,c > 0, we have [a(A + p + v) + b{p + v) + cv](g(0)) > 
at time t = 0, then [a(A + p + v) + b(p + v) + cv](g(t)) > Ofor t > 0. 

From this general curvature pinching result, we find that R > 0, Rc > and ^# > 
are all preserved under any 3-dim complete Ricci flow solution. In particular, we 
have 
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Theorem 1.2. (M 3 ,g(t)) is a smooth complete solution of Ricci flow on [0, T], if 
Rc(g(0)) > 0, then Rc(g(t)) > 0. 

Note that in R- Hamilton proved that Rc > is preserved for the Ricci flow 
on closed 3-manifolds. 

In 3-dim Ricci flow, the magic Hamilton-Ivey pinching estimate (or its improve- 
ment) states that the least eigenvalues of the curvature operator are not compara- 
ble with the largest eigenvalues on the high curvature region. More precisely, if 
v(x, 0) > -l(this is always possible by scaling the initial metric), then for t > 0, 
we have 

(1.1) R > { -y ){ - 3+ l n{{ l +t){ - v))) 

when v < 0, where A > p > v are eigenvalues of the curvature operator, R - 
A+p + v. Note that (11.11 ) was only proved (see [4 ]) previously on compact solutions 
or complete noncompact solutions with bounded curvature. The result in 0] is 
just the linearized and localized version of the above estimate. The second major 
purpose of this note is to derive a genuine local version of the (improved) Hamilton- 
Ivey pinching estimate (11.11) . 



Theorem 1.3. Let (M 3 ,g(t)) be a 3-dim complete smooth solution of the Ricci flow 

'() 



on [0, T]. For any fixed tq,K > 0, assume Rc(x,t) < 2r n for x 6 B t (xo, ro), 



t e [0, T], and v(x, 0) > -K on B (x , 2Ar ) at time t = 0, where A > -f^ij + t), 

3r Q \ ) 

C > is some universal constant. Then at any point (x, t) € B t (xQ,Aro), t € [0, T] 
where v(x, t) < 0, we have 

R K . , 8640(1 + KT) 31104(1 +£7^ 

(1.2) ln(-v) + 3 + ln > mm — : , — . 

y -v y ' l+Kt I KAe 2 r 2 Ke 3 {Ar ) 2 1 

We remark that in Theorem 11.31 the completeness of the solution is not nec- 
essary, we only need the condition that all balls fi f ( x o> r o) and B t (xo,2Aro) are 
compactly contained in the manifold. 

Corollary 1.4. Let (M 3 , g(t)) be a 3-dim complete smooth solution of the Ricci flow 
on [0, T]. For any fixed < K < oo, if v(x, 0) > —K on M 3 at time t = 0. Then at 
any point (x, t) £ M 3 x [0, T] with v(x, t) < 0, we have 

R K 

(1.3) ln(-v) + 3 + ln > 0. 

-v l+Kt 

A special case of Corollary ll.4l is 

Corollary 1.5. Let (M 3 , g(t)) be a 3-dim complete smooth solution of the Ricci flow 
on [0, T]. Then we have 

(1.4) R>(-v)(-3+Mt(-v))) 
at any point (x, t) € M 3 x [0, T] with v(x, t) < 0. 

In the end of this section, we mention one interesting application of Theorem 
11.21 We may generalize the strong uniqueness theorem of the first author in 0] to 
the case where the initial manifold has only bounded nonnegative Ricci curvature 
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and a uniform injectivity radius lower bound. See Theorem 12.41 for the precise 
statement. 
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2. The preservation of Rc > and local Hamilton-Ivey estimates in 3-dim Ricci 

FLOW 

In the following computations, we will use some cut-off functions which are 
composition of a cut-off function of R and distance function. A cut-off function ip 
on real line R, is a smooth nonnegative nonincreasing function, it is 1 on (-oo, 1] 
and on [2, oo). We can further assume that 

(2.1) \<p'\<2, \<p"\ + < 16. 

<P 

Another often used notation is □ = Jj - A, where A is the Laplacian with the metric 
g(t). 

Proof, of Theorem 11.11 To prove the Theorem, we claim that it suffices to prove 
that the condition 

R + a(ji + v) + bv > 

is preserved under complete solutions of Ricci flow for any a,b > 0. 

Indeed, suppose the claim has been proved, we only need to consider the case 
whether a(jj. + v) + bv > is preserved. If we have a(ji + v) + bv > initially, then 
for any e > 0, we know eR + a(pi + v) + bv > initially, hence eR + a(ji + v) + bv > 
for t > by the claim. By the arbitrariness of s, we know a(jj. + v) + bv > for 
t > 0. 

To prove the claim, we argue by contradiction. If there exists (x, t) € M 3 x (0, T] 
such that R + a(jj. + v) + bv is negative at this point. By assumption of [R + aip. + 
v) + bv](g(0)) > and Proposition 2.1 in ID, we know R(x, t) > on [0, T], where 
R = A + fx + v is the scalar curvature. This implies a + b > 0. Then there are 
< s < s' < 1 such that s' - s < l00 ^ a+b - ) , and the followings are satisfied: 

R + s[a(ju + v) + bv] = A + (as + l)(ju + v) + bsv 
( ' =A + ( ai + \){n + v) + b Y v>0, 

on M 3 x [0, T], where a\ - as, b\ - bs, and 



R + s'[aQi + v) + bv] = A + (as' + + v) + bs'v 

= A + (a\ + si + l)(ju + y) + (bi + s 2 )v < 0, 

at some (x\,h) in M 3 x (0, T], where < si - as' - a\ < < s 2 - bs' - b\ < 
l 

ioo • 

By d2T2b and ( TOT ), we know si + s 2 > 0, v < and A > 0. 
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Choose xo 6 M 3 , r > such that Rc(x, t) < 2r~ 2 for x e B t (xo, r ), f e [0, T]. 
By HI, we have 



(2.4) 



10 _, 

□dfUo, x) >-—r Q , 



whenever d t (xo, x) > ro in the sense of support functions. Define 
(2.5) 



( d t (x ,x\ 



where A > 1 is any big enough number such that (xi,h) e B tl (xo,Aro), where 
jK(x, t)tj = Rgij - 2Rjj is the curvature operator matric. 

In the following, we use the Uhlenbeck trick as in to write the equation of 
the curvature operator in moving frames: 

(2.6) —Jf = t\.£ + Jt 1 + jfi. 

at 

Let X > n > v be eigenvalues of and V | , V 2t V3 be the corresponding orthonor- 
mal eigenvectors. Then in this basis, we have 

( X ^ 
n 
v 

and 

( X 2 +/jv 
n 2 + Xv 
v 2 + Xfi ) 

Let w(f) - min A - eM 3[/l + (ai + s\ + 1)(// + v) + (&i + S2)v]tp(x, t). From ( 12.31 ), we 
know u(t\) < 0. Assume u(t?) = [X + (ai + si + l)(ju + v) + (&i + S2)v](f(x^, £3) = 
min^^r] u(t) < 0. Then ?3 € (0, T]. 

At (^3, t-i), let Vi, V2, V3 be the orthonormal eigenvectors of ^ with the corre- 
sponding eigenvalues X > fx > v. 

To apply the maximum principle, we parallel translate Vi, V2, V 3 along radial 
geodesies emanating from xj at time tj. These local sections, denoted by Vi, V2, V3 
are orthonormal, and 



(2.7) 



dt 



■(JC 3 , f 3 ) = VV,-fe, h) = AV,<JC 3 , f 3 ) = 0. 



We define a function S(jc,/) = [-#(Vi,Vi) + {a\ + ,vi + 1)./#(V2, V2) + (a\ + 
s\ + 1 + b\ + 5 2 )-#(V 3 , V 3 )]</?(x, near (x 3 , f 3 ). 
It is easy to see that at any x e M 3 , 

/I + (ai + s\ + 1)(// + y) + (fci + s 2 )v 

= inf{^T(Wi,Wi) + (ai + .v, + l)uf(W 2 , W 2 ) + (ai + .v, + 1 + /?, + s 2 )^(W 3 ,W 3 ) 
I w/iere {Wi, W2, W3} an orthonormal basis of T X M 3 }. 

From this, we know 

(2.8) w(;c, t) >[X + (a\ + s\ + l)(ju + v) + (£>i + 5' 2 )v]</?(x, t), 

and the equality holds at (#3, f3). 
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On the other hand, from (12.51 ). (12.61 ) and (12.7b . we have 



uPij = -2V<pVJifij + Qij, 
= -2V^V(§) + Q(V; 

+(&i + ^)e(v 3> v 3 ) 



(2.9) 02(jc3,r 3 ) - -2V^V(p + fi(Vi,Vi) + («i + *i + l)fi(V 2 , V 2 ) , 
+(&i + s 2 ) 

where 



fi(Vi,Vi) + (fli + .v, + l)fi(V 2 ,V 2 ) + 0>i + * 2 )<2(V 3 ,V 3 ) 

= <^[/t 2 + fiv + {a\ + s\ + \)\ji 2 + v 2 + AQi + v)] + Oi + 5 2 )(v 2 + /l/i) 
+^[<^' • n^(*0,*) - + (ai + si + l)(ju + v) + (bi + s 2 )v] 

= <pI + II. 

At (x 3 , ? 3 ), we have 

/(x 3 , f 3 ) = A 2 +f iv + tollil^ + v 2j + te+l)^ + y2] + (fli + ffi + l)A(p + y) 
+(b\ + s 2 )v 2 + (bi + s 2 )A(ji -v) + (b\ + s 2 )Av 
> A[A + (ai + + v) + fejv] 

+ (a|+ ^ l+1 V + v 2 ] + (fci + s 2 )v 2 + (h + s 2 )A(ju - v) 
+siA(p + v) + s 2 Av. 



Now by (1231) . A < (a\ + Ji + + y| + (&i + 5 2 )|v|, so 
I^i/KjU + v) + j 2 /ly| 

< si{ai + si + + y) 2 + J 2 (fei + 5 2 )y 2 
(2.10) +l>i(2>i + ^2) + * 2 («i + 1 + si)]\v\\n + v\ 

- 50 + ,200 ^ + v > + ^ 200 + 50 > v 
. / Ol+j+gl , £l+£2\.,2 , /£i_fl+£i_ £l±£2\.,2 

- <• 25 + 100 ^ ^ 10 T 25 > v ■ 

Therefore 

/(JC3./3) >^i yU 2 + (^i + to )v 2 

+ s 2 )A(p - v) - 
= + v 2 ) + to y 2 

+ (& 1 + , 2 )^-y) + ^y 2 -^ 2 . 
If n > 0, then /!(// - v) > /i 2 , otherwise, /u <0, then y 2 > /i , so 

I(x 3 ,t 3 ) >^(^ + y 2 )+ to y 2 

> ^lili+a^ + y) 2 + ^y 2 

* i6 (ai+ i + i 1+fcl+ , 2 ) [( a i + 1 + ^ + v) + (&i + ^2)v] 2 

* i6( fll lfc, + 2) K a i + 1 + + v) + (&i + ^ 2 )y] 2 

^ 32( fll -d. 1+ 2) tK fl l + 1 + + y ) + (*1 + S 2)V] 2 + A 2 } 

* 64tdht2) [A + («1 + 1 + + V ) + (*1 + *2)V] 2 . 

Hence, at the point (x 3 , ? 3 ), we have 

G(Vi,Vi) + (ai + .v, + l)fi(V 2 , V 2 ) + (6i + s 2 )G(V 3 ,V 3 ) 

1 [ 2 _ 64(£ij^i+^ r l(V , 

— 64(« ] +^ 1 +2)v3 L Ar ^ 3r ^Aro^]' 

Combining (12.81 ), ( 12.91 ) with the fact m(£ 3 ) < 0, and applying the maximum princi- 
ple, we have 
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> 



- 64(oi+6i+2)(p | 

256(^1+^1+2) , 20 
Ar ^ 3r 




64(ai+&i+2) / lty 
Ar ^ 3r 



128(ai+/)i+2) ,i IV 
Ar " 3r 




If w(f 3 ) < - 




1 



u{hf > 



(2.11) 



> 



128(a! + by + 2) 



which is a contradiction. Hence u(t 3 ) > ~ £1 + i|) on t°. T l B y the 

definition of u{t), we get 



on Z? f (x , Ar ), for t e [0, T]. Then let A —> oo, we get A + (a\ + s\ + l)(p. + v) + (bi + 
S2)v > on M 3 x [0, T]. That is contradiction with (|2.3t . The proof of Theorem 
11-1 l is completed. 



By taking a = 0, 6 = 1, c = in Theorem ll.il we get Theorem II .21 

Remark 2.1. 3 -dim Ricciflow, nonnegative Ricci curvature is always preserved 
with bounded curvature assumption, which can be proved by using the maximum 
principle directly. The above theorem removes the bounded curvature assumption. 
In HI, the local estimate ofRm is achieved by an induction method. Here we make 
the argument in a 'continuous' way. 

In the following, we will prove the local Hamilton-Ivey estimate without bounded 
curvature assumption on 3-dim manifolds. 

Proof, of Theorem 11.31 Assume that A > p > v are the eigenvalues of curvature 
operator jMu and R = A+ p + va.s before. Note our curvature operator's value on 
tangent plane is two times sectional curvature of the tangent plane. 
Let w = ^- - ln(-y) + 3 + In be a function defined on 



We want to prove (11.21 ) on Q n B t (xo,Aro). Recall that as in (12.61) . we pick a 
abstract vector bundle E with fixed bundle metric and a family of time-dependent 
connections compatible with the metric. After pulling back with the moving frames 
from the tangent bundle, the curvature operator ^# acts on E. 



(2.12) 



A + (ai + S[ + l)(u + y) + {b\ + S2)v > C{a\ + b\, r ) 

Ar Q 



□ 



O = {(x, 01 v(x, t) < 0, (jc, t) € M 3 x [0, T]} 



Define 



(2.13) 



W(x, t, V) =-R- [JK{x, f)(V, V)] " 1 - ln(-^T(x, f)(V, V)) 



+ (3 + l n7 ^).|V| 2 



to be a function on 



Q\ = {(x, t, V)| Jt{x, 0(V, V) < 0, (x, t)eQ.,VeE, |V| = 1}. 
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When/? > v, considering the function h\{s) = ^-ln(-s), we find it is increasing 
in s. Hence, when R > v, (x, t) € Q., we have 



(2. 14) w(x, t) - min 



W(x, t, V); 
where (x, t, V) e Qi 

Note R(x,0) > 3v(x,0) > -3K on B (x ,2Ar ), by Proposition 2.1 of LI], we 
have 

f 3K C , 

(2.15) 7?(x,0>mm - — ,-— j|, 

1 1 + /w Ar ( , ' 

where a; € B t (xo, jAr^), t e [0, T], and C is some universal constant. By the 
assumption A > + 7j and (12.151) . we get 

3K 

R > , 

1 +Kt 

on B t (x ,Ar ) . 

If > v > R, assume ^ = a, then -3 < a < -1. Note -v = ±R < -\jf^ t , 
hence 

(2.16) w>a + ln(-a) + 3-ln3 > 0. 

The last inequality uses the fact that the minimum of function a+ln(-a) on [-3, -1] 
is (-3 + In 3). By (12.16I ). we only need to show (11.21) for the case R > v. 
Let 

/2dt(xr),x) \ 

(2.17) u(x, t) = w( tK - l)w(x, t) 

v Ar ' 

be a function defined on Let (x 3 , t 3 , V3) be a point such that 

(2.18) <p(x 3 ,t 3 )W(x 3 ,t 3 ,Y 3 ) = min (<pw)(x,f). 

te[0,T],xeQ 

If <p(x 3 , t 3 )W(x 3 , t 3 , V3) > 0, we are done. 

So we may assume <p(x 3 , t 3 )W(x 3 , t 3 , V3) < 0, then t 3 e (0, T] and x 3 € B, 3 (xq, |Aro). 
Note that we have R{x 3 , t 3 ) > -y^- 

At (x 3 , t 3 , V3), let V be a local vector field defined by parallel translations of V3 
along radial geodesies emanating from x 3 at time t 3 . Then |V| = 1 and = VV - 
AV = at (x 3 , t 3 ). Define two smooth functions 

v = J({x, f)(V,V) 

R K 

u = \ ln(-v) + 3 + In ]<p(x, t) 

L -y l+Kti 

near (x 3 , t 3 ), these two functions satisfy 

(2.19) v>v,ii>u 

and equalities hold at (X3, t 3 ). 

At (*3, t 3 ), a straightforward computation gives 

(2.20) uu = \l—ud t - 4-^r]w(-, V) - 2V^VW(-, -, V) + wWW(; ; V) 



Ar Q (Ar Q ) 
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and 
(2.21) 



aw(x, t; 



= 2Vln(-v) • Vw> + |Vln(-v)| 2 
-2v - + v" 2 (A - v)Ui - v)R. 

From (l2.20l ) and (12.2 1 b . we have 

uu > 9 [-2 v -^ +ip ^-^R 



(2.22) 



+ 4^(|lfl| + |^| + |I.^|)w. 



64 2 
-W . 



Combining with (12.181 ) and ( 12. 19b . and applying the maximum principle at (x 3 , t 3 ), 
we get 

> □Site,*,) 

(2.23) 

- (/) + (//) + (///) + (/V). 



> ^[ - 2v - j-^J + <p - 2 K + — w ■ 



Ar, 



^w 2 



(Ar ) ; 



The rest computations are all at (^3^3) without illustration.We estimate (//) 
firstly. If R(x 3 , f 3 ) > 0, then (//) > 0. 
If R(x 3 , ? 3 ) < 0, we have 

(//) >^R>^ v+ 3fR 
Now we will estimate (/) + (//) in terms of v. Note 

K 



(2.24) 



R K 

> w = ln(-y) + 3 + In 

-v 1 + Kt 3 



(2.25) 
hence we get 

(2.26) |w(jc 3 , t 3 )\ < ln(-v) - In 

On the other side, by w(x 3 , t 3 ) < 0, we get 
(2.27) 



> - ln(-y) + In 



K 



l+Kt 3 



l+Kt 3 



R K 

ln(-v) > — + 3 + In 

-v 1 + Kt 3 



> In- 



K 



1 + Kt 3 



Then -v > , and we get 

(2.28) (/) > <p ■ (-v). 

Now consider the function 

/O) -- 



In s - In 



K 



l+Ktj 



where s > Then it is easy to get f(s) > f(e 2 ■ = ^ • for any 

s > ■ From this and (12.261 ). we get 



(2.29) 



e 

-v > — 



K 



[ln(-v)-ln - X 

L 1 + ^3 J 4 1 



4 1 + Kt 3 



K 



+ Kt 3 



-w 
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Hence 

(2.30) (//) > M-v) ■ —^R > ^v. 
As a consequence, we always have 

(2.31) (/) + (//)> ~<pv. 
To control (IV), we consider the function 

s 



h 2 (s) = 



In s - In 



l+Kt 3 



where 5 > y^-. Then it is easy to get h 2 (s) > h 2 (-^^) = ^ • for 
s > j^r- As in ( 12.291 ), we get 

(2.32) -v > - — |w| 3 . 

v ' 27 1 + Kt 3 

By (1X291) . (T23TT) and (12321 . we have 

(2 .33, (,) + (,,) > -I ¥ v > «L • + ^ • r ^M». 

By (12^231 and (12331 . we get 



any 



(234) o ^•■^•> 2 + if^ 

From the above, we get 
( 2 - 35 ) \<pw\<max.[ KAg2 ^ , Ke3(Aro)2 } 

By = 1 on B ( (^o> Ar ), t e [0, T] and ( 12.351 ), we have 

r „n R l nf y-i I q I 1 n g > min f 8640(l+gr) 31104(1+^) 1 

(2.36) - ln( v) + 3 + in — f > mm { , ^ e3(Aro) 2 )■ 

Theorem II .3l is proved. □ 

Remark 2.2. Our method of using maximal principle here is a little bit different 
from Hamilton's way of using maximal principle in [3] and (U. 

Now we give the proof of Corollary 11.41 

Proof, of Corollary [L4] We choose x e M 3 , r > such that Rc(x, t) < 2r~ 2 
for x € B t (xQ, ro), t e [0, T]. This is always possible if we pick small ro. For any 
constant A > -f?(l + T),by Theorem 1 1.31 we get 

8640(1 +KT) 31 104(1+ AT) 1 



(2.37) t- v - ln(-v) + 3 + lnC^-) > min j 

at any points (xi,h) € B t (xQ,Aro) with v(x\,t\) < 0. 
Let A — > oo in (12.371) . we get 

(2.38) ^-ln(-v) + 3 + ln( T ^)>0 



AAe 2 r 2 ' S"e 3 (Ar ) 2 
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□ 

If we have a ancient solution denned on (-00, 0], and there were some point 
(x\,t\) such that v(x\,h) < 0, then by Corollary 11.51 we have 

(2.39) R(xi,ti) > (-v)(*i, *i)(-3 + Info - * 2 )(-v)(*i,fi))) 

for any ti < t\. When ?2 — > -00, this will give a contradiction. Therefore, we 
have the following pinching result about ancient solution originally due to the first 
author (see HI). 

Corollary 2.3. Any smooth complete ancient solution of Ricci flow on 3-dim man- 
ifold must have Rm > 0. 

Following similar strategy in [1], we also have the following theorem. 

Theorem 2.4. Let (M 3 ,g(x)) be a complete noncompact 3-dim manifold with < 
Rc < K()g,for some fixed positive constant Kq. Also assume io = min xeM 3 inj(x) > 
6 > 0. If gi(t) and g2(t) are both smooth complete solutions to the Ricci flow on 
M 3 x[0, T] with g(x) as initial data, we have gi(t) - g2(t),for0 < t < min{r, 45^}- 
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